It is well known that gravitons can convert into photons, and vice versa, in the presence of cosmological magnetic fields. We study this conversion process in the context of atomic dark matter scenario. In this scenario, we can expect cosmological dark magnetic fields, which are free from the stringent constraint from the cosmic microwave observations. We find that gravitons can effectively convert into dark photons in the presence of cosmological dark magnetic fields.
I. INTRODUCTION
The cosmological magnetic fields provide intriguing phenomena in cosmology. In fact, it is known that there occurs the conversion between photons and axions in the presence of cosmological magnetic fields, which can be used to probe the configuration of magnetic fields [1] . Remarkably, it has been also known that the presence of background magnetic fields induces conversion between gravitons and photons [2, 3] . This possibility is worth investigating further. Indeed, the graviton-photon conversion may give rise to a new perspective on the gravitational wave physics.
Apparently, the stronger the magnetic field is, the more efficient the graviton-photon conversion is. However, the cosmological magnetic fields is constrained by observations of the cosmic microwave background radiations (CMB). If we go back to the earlier universe, the strength of cosmological magnetic fields increases as the inverse of the square of the scale factor. In fact, there are some studies investigating conversion in the primordial cosmological magnetic fields around the recombination and in the subsequent epoch [4] [5] [6] [7] [8] [9] [10] [11] . The authors in [4] [5] [6] [7] [8] [9] explored the possibility that CMB photons convert into gravitons. They proposed to utilize the deviation from black body radiation spectrum as an alternative and independent probe of the cosmological magnetic fields. In [10, 11] , they try to detect high frequency gravitational waves from primordial black holes (PBHs) [12] by converting it into X-ray in the cosmological background magnetic fields. In any cases, however, the conversion probability is considerably low. Hence, it is tempting to say that the graviton-photon conversion is irrelevant to cosmology. However, it is still premature to conclude so.
It is well recognized that the dark matter is one of the big puzzles of modern cosmology.
The apparent absence of evidences for WIMPs at the LHC and from direct observations tells us that the dark sector may contain more fertile structure to be explored [13] [14] [15] [16] [17] . Among them, we focus on a dark sector charged under a hidden U(1) D gauge symmetry in this paper.
In order to form the large scale structure of the universe through gravitational instability, the dark matter has to be neutral by making atomic bound states, dubbed the atomic dark matter [18] [19] [20] [21] [22] [23] [24] . This model has been studied from the various perspectives.
It should be emphasized that there exist dark photons in the atomic dark matter scenario. Therefore, it is natural to study graviton-dark photon conversion in this specific dark matter scenario. Indeed, from the point of view of gravitational wave physics, it is worth investigating the possibility that gravitational waves disappear into the dark sector on the way from the source to us. Our main observation is that, from the point of U(1) D charged dark matter, dark cosmological magnetic fields can be generated during inflation like as the conventional cosmological magnetic fields. In this paper, we study graviton-dark photon conversion in the presence of cosmological dark magnetic fields. Remarkably, as we will see in section IV, the graviton-dark photon conversion becomes efficient. The main reason is that the constraint from CMB on the dark magnetic fields is less stringent than that on the conventional cosmological magnetic fields. Another possible reason is that we can reduce the plasma effect by choosing the parameters in the dark matter. Note that the graviton-dark photon conversion is not useful for probing cosmological magnetic fields but opens up a new way to explore ultra high frequency gravitational waves. This could be possible through the photon and the dark photon mixing.
The paper is organized as follows. In Sec. II, we introduce the atomic dark matter scenario. Then we review the graviton-dark photon conversion in terms of both Schrödinger type formalism and the density matrix formalism in Sec. III. We calculate the conversion rate numerically in Sec. IV. We also discuss implications of our results. The final Sec. V is devoted to the conclusion.
II. ATOMIC DARK MATTER
The dark sector of the universe has not been unveiled until now. Hence, there are many possible models for the dark sector [13] [14] [15] [16] [17] . In this paper, we focus on the atomic dark matter model [18] [19] [20] [21] [22] [23] [24] because it is natural to have a similar structure in visible and dark sectors. We consider two fermions oppositely charged under a new U(1) D dark gauge force.
Massive fermions eventually form hydrogen-like bound states by exchanging dark photons.
Subsequently, the structure formation begins due to the gravitational instability.
In order to study the graviton-dark photon conversion, we need to understand dark plasma and dark magnetic fields. Therefore, first, we illustrate thermal history of dark sector, then we summarize parameters which characterize atomic dark matter scenario. Next, we discuss a possible magnitude of cosmological dark magnetic fields.
II.1. Thermal history of the dark sector
In this subsection, we review the thermal history of the dark sector in brief [23, 25, 26] . After the end of inflation, visible and dark sectors are reheated and have different temperatures, T andT , due to different coupling with the inflaton. Hereafter, we denote physical quantities of the dark sector with hat. They could be initially equal either due to the same coupling with inflaton or due to the thermal contact between them. However, once two sectors are decoupled, entropy will be separately conserved in each sector. Thus, In the homogeneous isotropic universe, the entropy per a comoving volume is conserved
Hence, we obtain
where we defined
and we added suffixes, BBN and zero, in order to distinguish temperatures at the epoch of BBN and the present. Since the entropy per a comoving volume s tot conserves, the decrease of the effective degrees of freedom causes temperature growth against adiabatic cooling.
In the early universe, ξ changes with temperature since visible sector degrees of freedom decrease as cosmological expansion. After neutrino decoupling (∼ 1.5MeV), the degrees of freedom in both sectors change only through (dark) electron/positron annihilation. On the other hand, BBN is very sensitive to the expansion rate of the universe determined by the energy density (2) through the Friedmann equation. In fact, the number of relativistic degrees of freedom at the time of BBN is constrained by the abundances of the light elements.
In terms of the effective number of light neutrino species [27] , we have a constraint
Recently, in fact, the Planck put a more stringent constraint [28] . Using the above constraint (9), we obtain the bound
where the dominant components contributing toĝ * (T BBN ) are dark electron/positron and dark photon, provided that dark proton is massive enough to be non-relativistic at the time of BBN. Whether dark electron/positron contribute or not depends on dark parameters, it varies continuously fromĝ * (T BBN ) = 2 +
Details about the parameters which fix the thermal history of the dark sector will be described in the next subsection. Now the following relation holdŝ
because all components contributing toĝ * (T BBN ) are maintained in thermal equilibrium through Compton scattering. Substituting the expression (7) into (10), we can deducê
orĝ
where we used g * s (T 0 ) = 3.94 and g * s (T BBN ) = 10.75. Thus, we obtain
In particular, whenĝ * (T BBN ) = 11/2, it provides a constraint ξ 0 ≤ 0.82 .
As a side note, it is known that ξ 0 ∼ 0.5, if the visible and dark sectors were coupled above the electroweak scale [29] . In principle,ĝ * (T ) can be calculated, once the parameters in the dark sector is given. In that case, the dark radiation temperature at an arbitrary z is given
whereĝ * (T 0 ) = 2. It is known thatĝ * (T BBN ) = 11/2 holds for many dark parameter regions [23] , so the temperature in both sectors rises by (11/4) 1/3 after (dark) electron/positron annihilation. In this case, we can make ξ constant approximately after the BBN, as long as the condition (16) is satisfied. In the following, we omit the suffix ξ ≡ ξ 0 .
Here we provide several comments. As far as the background cosmological expansion is concerned, the constraint on N eff would be translated into the constraint on ξ. Hence, dark components leaves the back ground expansion history of the Universe unchanged. However, it affects the evolution of density fluctuations. Since the dark radiation have coupled to the dark baryons until the dark recombination time, dark radiation is not entirely free streaming unlike neutrinos. Therefore, it is not straightforward to interpret the dark radiation in terms of N eff . Using cosmological data from the CMB, baryon acoustic oscillations, and large-scale structure, we can give constraints on the strength of its interaction and the possible fraction of interacting dark matter [24] . They conclude that models with eV-scale binding energy is limited f int ∼ 5% from CMB measurements. Here, we defined the ratio of interacting dark matter energy density ρ int to overall dark matter energy density ρ DM as
where
and ρ CDM is the energy density of the collisionless dark matter. In this paper, we set f int = 1.
Notice that the interacting relativistic species are also studied in [15, 17] .
II.2. Parameters
Atomic dark matter model is a kind of hidden-charged dark matter models [14, 26] , and behaves as the cold dark matter in the limit of large atomic binding energy and a large dark fine structure constant. In the early universe, all of dark atoms are ionized and in the state of the dark plasma. When the dark radiation temperatureT falls down to the binding energy of the dark atomÊ B , two massive fermions start to form a hydrogen-like bound state. We should emphasize that the thermal history of atomic dark matter is very different from that in the standard visible sector and strongly depends on the choice of parameter sets in the dark sector. In this subsection, we summarize parameters which characterize atomic dark matter scenario we consider.
We shall call massless gauge boson "dark photon", lighter fermion "dark electron" (with the massm e ), and heavier fermion "dark proton" (with the massm p ) in analogy with the visible sector. In this paper, we do not get into details of the origin of dark sector. We assume the number of two fermions are equal and the dark sector is neutral under the U(1) D gauge symmetry. A two-body system composed of a dark electron and a dark proton can be analyzed by using the reduced massμ,
The binding energyÊ B can be expressed by the dark fine structure constantα and the reduced massμ asÊ
Then, denoting the mass of finally formed dark atom asm H , we can express the masses of dark fermions by imposing the following relation:
Solving (20) form e , we obtainm
Substituting it into (22), we have the equation form p
With paying an attention to the positivity of the massm p > 0, we get
Now, it is easy to obtain the dark electron mass. We identified three parameters characterizing the dark hydrogen atom, i.e. the dark fine structureα, the binding energyÊ B , and the dark atom massm H . Even though one can choose these three parameters freely, in order to have a real solution, the following condition should be satisfied
Recall thatT <Ê B is the condition for the onset of the dark recombination. In other words, E B /ξ fixes the redshift of dark recombination, where we assume ξ is constant (see II.1),
Thus, the parameter set (α,Ê B ,m H , ξ) determine the atomic dark matter scenario. In particular,α governs the interactions between dark sector components, andm H fixes the number density of atomic dark matter.
II.3. Dark recombination
Once the dark radiation temperatureT falls down to the dark binding energyÊ B , the dark fermions begin to recombine. Notice that the dark recombination process strongly depends on the choice of parameters (α,Ê B ,m H , ξ). We refer the readers to [23] for details of the dark recombination process. In this paper, we narrow down our target to the parameters for which the recombination time is slightly shorter or comparable to the cosmological expansion time. In fact, the standard visible sector is also categorize into this group. We can capture recombination process by solving Boltzmann eq.,
where X e is the ionization rate of dark electron,
andn b ,n e , andn p are the number density of dark matter, dark electron and dark proton, respectively. We assume that we can neglect the number of helium atoms, and that universe is neutral under dark U(1) D charge,n e =n p . We also set f int = 1 (see the definition of f int (19) ). Note that < σv > is the thermally averaged recombination cross section. If an electron is directly captured to the ground state in the dark hydrogen, it produces a high energy photon enough to ionize other surrounding atoms. Thus, we neglect direct process which brings no net change, instead we consider a process that an electron is captured to an excited state. We use α (2) to denote thermally averaged recombination cross section excluding the direct capture to the ground states [30, 31] ,
It is known that the function φ 2 (Ê B /k BT ) can be approximated by
Here, we should mention the applicability of the formula (31) . In [23] , it is pointed out that the formula (31) is not always applicable for general dark parameter sets. However, for the parameters we are focusing, we can adopt (31) because dark photons and dark fermions are kept being thermal equilibrium at a single temperature in the following manner. The dark electrons receive the energy frequently through the Compton scattering with dark photon, and the energy of dark fermions are redistributed through the Coulomb scattering.
On the other hand, for dark atoms, there is a large parameter space for such a Compton heating does not work well atT Ê B . Thus, in general, one must consider all of the mechanisms governing the energy exchange between dark photons and dark baryons, and as a consequence (31) cease to be sufficient. In the present cases, this does not happen.
The dark radiation temperature at an arbitrary z is given by (18) . However, we do not need to take into account the change of the number of relativistic species as long as we consider the period after the dark recombination. Therefore, we consider only the adiabatic cooling of dark radiation temperatureT :
This is because the dark recombination always happens after the dark electron/positron annihilation.
II.4. Dark magnetic fields
The Faraday rotation measurements and observations of the CMB give the upper bound for the strength of the inter galactic magnetic fields B IGMF 10 −9 G [32, 33] . The generation mechanism has not yet been clarified, but one of the leading candidates is primordial origin.
In the context of U(1) D charged dark matter, dark cosmological magnetic fields can be also generated with the same mechanism as that for the standard cosmological magnetic fields.
Here, we consider constraints on the dark magnetic fields.
The energy density of cosmological magnetic fields at present is
is the critical density, h = 0.67, and Ω r = 9.25 × 10 −5 .
Since there is no direct observation of dark magnetic fields, more larger energy density of dark magnetic fields is allowed as long as it does not dominant the radiation energy density.
Notice that there exist margins between radiation and cosmological magnetic field energy density. Hence, we can take the dark magnetic field strengthB 0 at present aŝ
In the subsequent sections, we study the effect of the presence of the dark magnetic fields.
III. GRAVITON-DARK PHOTON CONVERSION
It is well known that gravitons can be converted into photons and vice versa, in the presence of background magnetic fields [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . In this section, we consider graviton-dark photon conversion in the presence of background dark magnetic fields, which was introduced in II.4. Throughout this paper, we assume the uniform magnetic fields for the configuration of magnetic fields. In this section, we review the conversion mechanism in terms of both Schrödinger-like formulation and density matrix formulation.
We consider the following system:
is the field strength of the dark electromagnetic fieldÂ µ . We defined the dark fine structure constantα and the dark electron massm e . The quartic terms ofF µν is the Euler-Heisenberg effective Lagrangian.
The action (35) gives rise to the Einstein equation Let us start with following metric
where η µν is the flat Minkowski metric, κ ≡ √ 16πG, and we assumed |h µν | 1. We impose transverse traceless (TT) gauge condition,
We can divide the dark electromagnetic field into background and its perturbation
We use the radiation gauge,Â
The static background magnetic field and propagating electromagnetic waves are described
Hereafter, we denote B asB and δÂ asÂ for simplicity. We expand h ij andÂ j by plane
where λ ≡ + or −. The coordinate system is set as illustrated in Fig. 1 . The linear polarization tensors for gravitational waves can be defined as
We consider monochromatic gravitational waves traveling along the Z-direction. Note that we use capital Z to represent coordinate in order to avoid confusion with the redshift z appearing later. The dark magnetic field is projected on x − y plane and the y direction is taken along the projected magnetic fieldB. 
and the linearized dark Maxwell equation reads
We obtain
by projecting (45) into e + ij and e × ij , respectively. Moreover, the dark Maxwell equation is rewritten as follows:
Projecting (50) into u i , we obtain
and projecting (50) into v i , we obtain
Since 2 , h + , h × can be neglected, (51) and (52) can be reduced to
To sum up, we obtained linearized Einstein and dark Maxwell equations:
Assuming ω k and = (ω + i∂ Z )(ω − i∂ Z ) = (ω + i∂ Z )(ω + k) 2ω(ω + i∂ Z ), we can simplify the equations as
where β = 4 (for λ = +) or β = 7 (for λ = ×).
we can finally deduce the basic Schrödinger type equation
where the mixing term is defined by∆
and the effective photon mass term is given bŷ
The dispersion relation for dark electromagnetic waves propagating in the dark plasma is modified to
where the plasma frequency is defined bŷ
with the dark electron number densityn e . Thus, the effect of the plasma is described bŷ
These effects (56b) -(56e) on gravitational waves need not to be considered, because the interaction of gravitational waves with medium is very weak. Note that the Schrödinger-like equation can be block diagonalized as
where the mixing matrix M mix is defined as follows:
We see that each of two independent polarization components of gravitational waves mixes with a particular polarization component of electromagnetic waves. Mathematically, we obtained the equations with the similar structure to the conversion between photons and axions [3] . However, there is a qualitative difference. In the case of photon to axion conversion, when unpolarized electromagnetic wave propagates through homogeneous magnetic fields, there appears the linear polarization, because only one component can convert into axions. In the case of photon-graviton conversion, things like that never happens.
We can discuss each polarization separately. Thus, we analyze the time evolution by reduced equation
Now, we derive the conversion probability by solving (59). To this end, we introduce an
where the eigenvalues of M are given by
and the definition of mixing angle θ is given by
where we defined the oscillation length∆
Definingψ ≡ O ψ, we can solve (59) as
Thus, we have
where λ 1 ≡ λ + , and λ 2 ≡ λ − . Finally, we obtain
Assuming the initial conditions h λ (Z 0 ) = 1,Â λ (Z 0 ) = 0, we find
Thus, the conversion probability after propagating the distance Z can be deduced as
The effect of photon effective mass∆ γ can vanish, since∆ p and∆ QED have opposite sign. In this case, the conversion probability cease to depend on the frequency ω, and the probability
This corresponds to the maximum mixing θ = π/4 for which the complete conversion is possible. However, the typical value of mixing term iŝ
Hence, in order to achieve∆ gγ Z ∼ π/2, we need Z ∼ 10 15 pc. Therefore, the efficient conversion requires strong dark magnetic fields even in the absence of∆ γ .
In case that the cosmic expansion cannot be neglected, we need to take into account the time evolution of physical quantities and solve the equation
where a is the scale factor and H is Hubble parameter and we used the following relation
This equation (70) can only be solved analytically in limited circumstances.
III.2. Density matrix formulation
Although we described the time evolution of the system in terms of Schrödinger-like equation in the previous subsection, it is possible to follow the time evolution of of the system in terms of an equation for the density matrix ρ [35] ,
When M tot is Hermitian and M tot = M , the right hand side of (72) is represented by a
Note that Eq. (59) and Eq. (74) are completely equivalent. Solving the above equation
formally, we obtain
However, there is no actual isolated system. Indeed, any system generically interacts with its environment. The interaction with the environment makes M tot non-Hermitian, and the conversion probability is not conserved. Thus the density matrix formalism (72) is more general.
The total Hamiltonian of an open system is given by
where M and the damping factor Γ are both Hermitian. Substitution of (76) into Eq. (72) leads to
The first term in (77) represents the usual Schrödinger term, and the second one describes the decoherence.
Here, we used the following relation
where a is the scale factor and H is Hubble parameter. Each component of Eq. (78) can be written explicitly as follows:
IV. THE CONVERSION RATE: NUMERICAL RESULTS
In the previous sections, it turned out that gravitational waves and dark photon can mix with each other, if dark magnetic fields exist in the context of atomic dark matter. In this section, we set source of gravitational waves and atomic dark matter scenario concretely.
Then, we investigate the conversion probability with numerical calculations.
We suppose gravitational waves are emitted from primordial black holes (PBHs). After inflation, very light primordial black holes with the mass < 10 8 g can dominate [12] . In deed, high energy gravitational waves can be emitted during evaporation of PBHs before the BBN.
The mass of PBHs determines the peak frequency which can be up to ∼ MeV today. The density parameter can be h 2 0 Ω gw ∼ 10 −8 . It is expected that such high energy gravitational waves can be detectable by converting it into X-ray in the presence of cosmological magnetic fields [10, 11] .
We are interested in the conversion probability in the cosmological history. The dark recombination occurs before the recombination in the standard visible sector, The dark electron number density drastically drops off around that epoch. We derive the conversion probability by solving the equations starting at z = 10 5 where the dark electron density is almost fixed (see Fig. 2 ).
We solve Eqs. (70) and (29), with the parameters
Using (20), (23), and (25), we obtain
In the following, we adopt the normalization a 0 = 1 at redshift z 0 = 0, and represent a physical quantity of this age with a suffix 0 added. The dark baryon density (dark hydrogen density) is given byn
where we assumed Ω CDM = 0.267 and f int = 1 (19) . Note that the present CMB temperature
As previously mentioned in II.4, we set
where we used 1 G = 1.95 × 10 −2 eV 2 . The wave length of gravitational waves at present is stretched by redshift, so its energy is given by
We consider the time evolution of each parameters in (70) and (29) . The Hubble parameter is given by
where we used the density parameters normalized by the present (z = 0) critical density
More precisely, we set h = 0.67, Ω m = 0.315, Ω r = 9.245 × 10 −5 , Ω Λ = 0.685. The Hubble parameter and scale factor always appear with the combination,
The dark electron number density is given bŷ
and the dark radiation temperature readŝ
Since the strength of dark magnetic field evolves as the inverse of the scale factor squared, the frequency of gravitational waves evolve as the inverse of the scale factor, and the number density of the dark electron evolves as the inverse of the scale factor cubic, the variables∆ introduced in (56) evole as follows:
Thus, we have the following equationŝ
In Fig. 2 , we show the dark recombination process. Note that we do not consider dark reionization.
We solve Eq. (70) numerically from z = 10 5 where dark neutralization is sufficiently advanced to z = 0 with the initial conditions
In Fig. 3 , we repeated the calculations by changing the current energy of gravitational waves ω 0 while fixing the current dark magnetic field strengthB 0 = 1 µG. In Fig. 4 , we did the same by changing the current dark magnetic field strengthB 0 while fixing the current energy of gravitational waves ω 0 = 1 eV. Both Fig. 3 and Fig. 4 show that graviton-dark photon conversion can be effective, if dark magnetic fields is larger than the conventional one and such high frequency gravitational waves exist. Intensity of graviton and dark photon is plotted as a function of redshift z, changing current gravitational waves energy ω 0 . Intensity of graviton and dark photon is plotted as a function of redshift z, changing current dark magnetic field strengthB 0 .
V. CONCLUSION
We studied the graviton-dark photon conversion in the presence of the cosmological dark magnetic fields in the scenario of the atomic dark matter and found the conversion can be effective. This is in contrast to the graviton-photon conversion in the conventional magnetic fields, which is less efficient due to the Planck mass suppression and the upper bound for cosmological magnetic field. In the present case, since there is no robust constraint for the dark cosmological magnetic fields and choice of the dark parameter set, the probability of graviton-dark photon conversion can be high in the atomic dark matter scenario. It should be mentioned that the graviton-dark photon conversion is useful as a detector for ultra high frequency gravitational waves. This can be realized through the photon and dark photon mixing although the detailed method is model dependent.
It has been argued that gravitational waves from the PBHs can be observed by converting it into X-ray in the cosmological magnetic fields [10] [11] [12] . However, our results suggest the possibility that, within the atomic dark matter scenario, such observation method should be reconsidered by taking into account the graviton-dark photon conversion.
There are remaining problems in the study of the graviton-dark photon conversion. In the present work, we found a dark parameter set which shows the efficient graviton-dark photon conversion. Although the graviton-dark photon conversion occurs at the very high frequency in the cases we found, there is still a chance to find a dark parameter set for which the conversion is effective even for lower frequency regions. Indeed, we can choose freelyα, E B , andm H as long as they satisfy the condition (27) . In Appendix A, we presented other numerical results. However, the formula (31) is not always valid for these parameters. In fact, we should scrutinize the recombination process in detail [23] . If we could find a dark parameter set for the effective conversion of the low frequency gravitational waves, we may be able to observe the dark photon conversion into gravitational waves. Moreover, we may be able to use gravitational waves to explore the atomic dark matter. We leave these issues for future work. Intensity of graviton and dark photon is plotted as a function of redshift z, changing current dark magnetic field strengthB 0 .
